An integral formula on the Heisenberg group 

Francescopaolo Montefalconqj 

Abstract 

- . . Let H" denote the (2n + l)-dimensional (sub-Riemannian) Heisenberg group. In this note, we shall prove an 

^N I integral identity (see Theorem 11.21 1 which generalizes a formula obtained in the Seventies by Reilly, Il28ll . Some 

— ^ ■ first applications will be given in Section |4] 
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1 . Introduction and statement of the main result 



In the last years, the sub-Riemannian geometry of Camot groups has become a rich research field 
in both Analysis and Geometric Measure Theory; see, for instance, 0, f5\, ff], fE^.^, [H^ , ||23]| . 
^ ' lITSl . 1201 . ll29l . but of course the list is far from being complete or exhaustive. General overviews of 

^ . sub-Riemannian (or Carnot-Charatheodory) geometries are Gromov, |[T3l . and Montgomery, li22l . 

In this paper, our ambient space is the so-called Heisenberg group B", n > I, which can be regarded 
as C" X R endowed with a polynomial group law • : H" x H" — > H". Its Lie algebra t)„ identifies 
with the tangent space TqW at the identity e H". Later on, (z, t) € R^"^' will denote exponential 
coordinates of a generic point p eW. Take now a left-invariant frame T = {Xi, Fi, ..., X„, F„, T} for the 



C^_. tangent bundle TU", where Xi{p) := ^ - ||, Yi(p) := ^ -F f | and T{p) := |. Denoting by [•, •] the 

Lie bracket of vector fields, one has [X,, F,] = T for every / = 1, ..., n and all other commutators vanish. 
Hence, T is the center of I)„ and I)„ turns out to be nilpotent and stratified of step 2, i.e. t)„ = H ® H2 
where H := spanj^fXi, 7i, ...,X;, F,-, ...,X„, Y„] c TM." is the horizontal bundle and H2 = spa.nf{T] is the 
1 -dimensional (vertical) subbundle of TM." associated with the center of f)„. From now on, H" will be 
endowed with the (left-invariant) Riemannian metric h := {■,■) which makes 'F an orthonormal frame. 

Remark 1.1. Hereafter, the pair (H",/i) will be thought of as a Riemannian manifold. By duality w.r.t. 
the metric h, we define a basis of left-invariant 1 -forms for the cotangent bundle r*H". Therefore, we 
have X*^ = dx\, dy\ = Yi,...,X* = dxi,Y* - dyi,...,X* = dxn,Y* = dy„. Furthermore, one has 
6 := T* - dt + J ^^"=1 {jidxi - Xidyi), which is the contact form o/H". The Riemannian left-invariant 
volume form cr^"''"^ e f\^"*'^{T*W) is defined by cr^^^^ := (A"=i '^^i ^ dyAAO and the measure, obtained 
by integration ofcr^"'*'^, turns out to be the Haar measure ofW. 



'F. M. has been partially supported by the Fondazione CaRiPaRo Project "Nonlinear Partial Differential Equations: models, 
analysis, and control-theoretic problems". 
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2 Francescopaolo Montefalcone 

The metric h = (•, •) induces a corresponding metric hn on H, which is used to measure the length 
of horizontal curves. The natural distance in sub-Riemannian geometry is the Camot-Caratheodory 
distance dec, defined by minimizing the (Riemannian) length of all (piecewise smooth) horizontal curves 
joining two different points. This definition makes sense because, in view of Chow's Theorem, different 
points can always be joined by horizontal curves. 

The stratification of Ii)„ is related with the existence of a 1-parameter group of automorphisms, called 
Heisenberg dilations, defined by 6s{z., t) :- {sz, s^t), for every p = (z, t) e R^""''^ The intrinsic dilations 
play an important role in this geometry. In this regard, we stress that the integer Q = 2n + 2, which rep- 
resents the "homogeneous dimension" of H" (w.rt. Heisenberg dilations), turns out to be the dimension 
of H" as a metric space w.rt. the CC-distance dec- 

Another key notion is that of H-perimeter, but since we are dealing with smooth boundaries, we 
do not adopt the usual variational definition. So let S c H" be a smooth hypersurface and let v the 
(Riemannian) unit normal along S . The H-perimeter measure crl" is the (Q - l)-homogeneous measure, 
w.rt. Heisenberg dilations, given by cr^"L S := I'PhvIct^", where Ph : TG — > H is the orthogonal 
projection operator onto H and o"^" is the Riemannian measure on S . We recall that the unit //-normal 
along S is the normalized projection onto H of the (Riemannian) unit normal v, i.e. v^ := j^^ and 



that the so-called characteristic set Cs of S is the zero set of the function |'P«v|; see Section \2m The 
//-perimeter cr^" is in fact the natural measure on hypersurfaces and it turns out to be equivalent, up 
to a density function called metric factor (see, for instance, [18]), to the spherical (Q - l)-dimensional 
Hausdorff measure associated with dec (or to any other homogeneous distance). 

Below we shall prove a general integral identity, which generalizes to the sub-Riemannian setting 
of the Heisenberg group H" a well-known formula, proved by Reilly (see [28 1) in his work concerning 
Aleksandrov' Theorem; for a very nice presentation of the original result we refer the reader to [,17j . 

Theorem 1.2 (Main result). Let D c H" and let S = dD be a C^-smooth compact (closed) hypersurface. 

Ah(I> = i// on D 



Let d> : D — > B.be a smooth solution to . , 

(p = f on S 

Then 



J {.a' - l|Hess„0||i + 2 {grad, (Tcp) , {grad^4>)^)] al"^' 
I r^('^'"^~ 2"^/ '^"(5" -Sh {gradfjs<p,grad^s<p)\(rl". 



We stress that: 



• Hess/i is the horizontal Hessian operator; 

• the symbol X-"- (whenever X e H) denotes a linear skew-symmetric map. More precisely, it is 
defined by setting X-"- := -C^"+'X, where C^"^^ £ MinxinC^) is given by formula ([B; see below. 

• gradu and grades denote the horizontal gradient and the horizontal tangent gradient, resp.; 

• -Chs denotes a 2nd order horizontal tangential operator, which plays the role of the classical 
Laplace-Beltrami operator in Riemannian geometry; 

• m := i^, where vt = (v, T); 

• "//h is the horizontal mean curvature of S ; 

• Sh is the symmetric part of the horizontal 2nd fundamental form of S . 

In Section m we shall prove some direct applications of our main result. 

Another consequence will be discussed in Section 14.11 More precisely, we shall obtain the following 
formula: 

f ds f (muf, - \\S^, t + ^(^')'l ^2" - - r "K. crl^ 
J-E Js, \ ^ / Js+us- 
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where {'THh)!, S'^ and w' denote, respectively, the horizontal mean curvature, the symmetric part of the 
horizontal 2nd fundamental form, and the (weighted) vertical part of the normal v' of the hypersurface 
S( = {;c e H" : f,{x) - f{x, t) = W t e] - e, e[}. More precisely, we are assuming that there is a foliation 
of a (small) spatial neighborhood of the (compact, closed hypersurface) S := ^o by means of level sets 
of a smooth function / : H"x] - s, e[ — > R (say of class C^) such that: 

• \gradf,\ + along St for every ?€]-£, e[, 

• Igradnftl = 1 at each non characteristic (abbreviated NC) point of S t', 

see. Corollary 14.91 

As a final remark, we have to mention that, unfortunately, the original arguments of Reilly (or those 
in Li' survey [,17,1 ) cannot be adapted to our context and, above all, it seems to be still a difficult problem 
to prove a generalized version of Aleksandrov' Theorem in H" for n > 1; see |[29]| for the case n = I. 



2. Preliminaries 

2.1. Heisenberg group H". The Heisenberg group (H", •), « > 1, is a connected, simply connected, 
nilpotent and stratified Lie group of step 2 on M?"'''^, w.r.t. a polynomial group law •; see below. The 
Lie algebra I)„ of H" is a {2n + l)-dimensional real vector space henceforth identified with the tangent 
space ToH" at the identity e H". We adopt exponential coordinates of the 1st kind in such a way that 
every point p € H" can be written out as /? = exp{x\^,yi, ...,Xi,yi, ...,x„,yn,t). The Lie algebra I)„ can 
be described by means of a frame 'F := {Xi, Fi, ...,X,-, Yi, ...,X„, Y,„ T] of left-invariant vector fields for 
TTH", where X,<p) := ^ - t|, Yiip) :- |- + f |, / - h...,n. Tip) := |, for every p € M". More 
precisely, if [•, •] denote Lie brackets, then the only non trivial commuting relations are [Xi, Yi] = T 
for every / = l,...,n. In other words, T is the center of I)„ and f)„ turns out to be a nilpotent and 
stratified Lie algebra of step 2, i.e. I)„ = H ® H2. The first layer H is called horizontal whereas the 
complementary layer H2 = span^[T] is called vertical. A horizontal left-invariant frame for H is given 
hy Th = {Xi , Fi , ..., Xi, Yi, ..., X„, F„). The group law • on H" is determined by a corresponding operation 
o on \)n, i.e. expX • exp F - exp(X o F) for every X, Y e I)„, where o : t)n x f)« — > t)n is defined by 
XoY = X+Y + ^[X,Y]. Thus, for every p = exp{xi,yi,...,Xn,yn,t), p' = exp{x[,y[, ...,x'„,y'^,t') e H" 
we have 

p -k p' := exp \xi + x[ ,yi + y\ , ..., x„ -1- x'„, yn+y'^J + t' + -^ {xiy\ - x\yi) . 

The inverse of any 79 e H" is given by/?"' := exp(-A;i, -yi..., -x„, -y„, -f) andO = exp{0^2n+i). Later on, 

we shall set z '■- {x\,y\, ..., x,„yn) £ R-^" and identify each point p € H" with its exponential coordinates 

(z,0eR2«+i. 

Definition 2.1. We call sub-Riemannian metric hn any symmetric positive bilinear form on H. The 
CC-distance dccip, p') between p, p' e H" is defined by 



dccip, p') '-irif I ylhH{y,y)dt, 



where the inf is taken over all piecewise-smooth horizontal curves y joining p to p'. We shall equip TH" 
with the left-invariant Riemannian metric h := (•, •) making T an orthonormal -abbreviated o.n.- frame 
and assume hu :- h\H- 

By Chow's Theorem it turns out that every couple of points can be connected by a horizontal curve, 
not necessarily unique, and for this reason dec turns out to be a true metric on H" whose topology 
is equivalent to the standard (Euclidean) topology of IR.^"^^; see lfT3]| . ||22]| . The so-called structural 
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constants (see lfT4l or |[T9l|20l) of l)„ are described by the skew-symmetric {2n x 2?i)-matrix 

1-00 



(1) Q' 



2n+l ._ 



-1 












1 
-1 



This matrix is associated with the real valued skew-symmetric bilinear map Yh : H x H — > R given by 

rn(X,Y) = {[X,Y],T). 

Notation 2.2. We shall set 

• z^ := -C2"+iz = {-yi,xi, ..., -yn, x„) e r2« y z e R^"; 

• X-^ := -C2"+iX V XeH. 

Given p € H", we shall denote by Lp : H" — > H" the left translation by p, i.e. Lpp' = p -k p', 
for every p' e H". The map Lp is a group homomorphism and its differential Lp^ : TqH" — > TpM", 

Lp* = ^^ \p'=o ' is given by Lp^ = col[Xi(p), Yi{p), ...X„{p), Yn{p), T{p)l 

There exists a 1 -parameter group of automorphisms 6s '■ H" — > H" (^ > 0), called Heisenberg 
dilations, defined by 5sP '■- exp (sz, s^tj for every s > 0, where p - exp{z,t) € H". We recall that 
the homogeneous dimension of H" is the integer Q := 2n + 2. By a well-known result of Mitchell (see, 
for instance, [22]), this number coincides with the Hausdorff dimension of H" as metric space w.r.t. the 
CC-distance dec; see |[T3l. |[22l. 

We shall denote by V the unique left-invariant Levi-Civita connection on TH" associated with the 
meti-ic h = (•, ■). We observe that, for every X, F,Z e X := C~(H", TW) one has 

{VxY,Z)^j{{[X,Y],Z)-{[YZlX) + {[Z,X],Y)). 

For every X,Y € Xb := C°°(H",//), we shall set V|F := 9h (Vxi'), where Vh denotes orthogonal 
projection onto H. The operation V^ is a vector-bundle connection later called H-connection; see [20] 
and references therein. It is not difficult to see that V" is fiat, compatible with the sub-Riemannian metric 
hu and torsion-free. These properties follow from the very definition of V" and from the corresponding 
properties of the Levi-Civita connection V. 

Definition 2.3. For any ifj e C°°(M"), the //-gradient of ip is the horizontal vector field grad,jifr e Xh 
such that {gradHif/,X) - dif/{X) = Xi/zfor every X e Xh. The //-divergence divnX ofX e Xh is defined, 
at each point p e H", by divnXip) :- Trace (y — > ^y-^) ip) (^ ^ ^p)- The //-Laplacian Ah is the 2nd 
order differential operator given by tS.H^ := divH{gradH>l/)for every >f/ e C°°(H"). 

Having fixed a left-invariant Riemannian metric h on TW, one defines by duality (w.r.t. the left- 
invariant metric h) a global co-frame T* := {X*, Y*, ...,X*,Y*, ...,X'^,Y*,T*} of left-invariant 1 -forms for 
the cotangent bundle r*H", where X* = dxt, Y* = dyt {i = 1, ..., n), e:=T* = dt-^\ Y^}^^ (yidxi - Xidyd . 
The differential 1-form 6 represents the contact form of H". The Riemannian left-invariant volume form 
cr^''^^ € /\'^"'^\T*W) is given by cr2"+i ■= (^/\'J^^ dxi A dy^ A 6* and the measure obtained by integrating 
o"^""*"' is the Haar measure of H". 

2.2. Hypersurfaces. Let S c H" be a hypersurface of class C (r > 1) and let v be the (Riemannian) 
unit normal along 5. We recall that the Riemannian measure cr}^ e f\^"{T*S) on S can be defined by 
contractiorQof the, volume form cr^"'*'' with the unit normal v along S , i.e. cr^"L S := (v J (t^*'^)\s- 

We say that /? e 5 is a characteristic point if dim//p - dim(//p n TpS). The characteristic set of S is 
the set of all characteristic points, i.e. €$ '■= {x ^ S : dim//p = dim(//p n TpS)\. It is worth noticing that 



^Let M be a Riemannian manifold. The linear map J : A'(T'M) -> A'^HT'M) is defined, for X e TM and en' e A''(r*M), 
by (X_\ a>')(Yi, ..., Kr-i) := ai'^iX, Kj, ..., y^-i); see, for instance, LIOJ . This operation is called contraction or interior product. 
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p ^ Cs if, and only if, \Phv{p)\ = 0. Since \Phv{p)\ is continuous along S , it follows that Cs is a closed 
subset of 5, in the relative topology. We stress that the (Q - l)-dimensional Hausdorff measure of Cs 
vanishes, i.e. 'H^^\Cs) = 0; see 0, ifTSl . 

Remark 2.4. Let S cW^ be a Q}-smooth hypersurface. By using Frobenius' Theorem about integrable 
distributions, it can be shown that the topological dimension ofCs is strictly less than {n + 1); see also 
II13L For deeper results about the size ofCs in H", see t2l, [Si. 

Throughout this paper we shall make use of a (smooth) homogeneous measure on hypersurfaces, 
called H-perimeter measure; see also CH, lIEl, MM, HM, idlllOl, lEH, ll29l . 

Definition 2.5 (cr^" -measure). Let S c H" be a C^ -smooth non-characteristic (henceforth abbreviated 
as NC) hypersurface and let v be the unit normal vector along S . The unit //-normal along S is defined 
by v^ :- m^i- Then, the //-perimeter form o"^" e f\^'\T*S) is the contraction of the volume form cr^*^ 
ofM." by the horizontal unit normal v^, i.e. cr]f\_ S := (v„ J cr^''^^ L. 

If C5 7^ we extend (tI" up to Cs by setting crl" L C5 - 0. It turns out that (rl"\_S = \Ph v\ erf L S . 

Moreover, at each p e S \Cs one has Hp = spa.n^{v^{p)] ® H pS , where HpS := Hp n TpS . This allow 
us to define, in the obvious way, the associated subbundles HS c TS and v^^ called horizontal tangent 
bundle and horizontal normal bundle along S\Cs, respectively. On the other hand, at each characteristic 
point p e Cs, only HS is well-defined and we have HpS = Hp for any p e Cs- 

Definition 2.6. IfHUQSisan open set, we denote by C'^gCU), (i =1,2) the space of functions whose 
HS -derivatives up to the i-th order are continuous on 'W. We denote by C^^ {HU, HS ), (/ = 1,2) the space 
of functions with target in HS, whose HS -derivatives up to i-th order are continuous on tl. 

Another important geometric object is given by m :- j^^; see |fT9ll20l . |[9l . Although the function 

m is not defined at Cs , we have m € Lj^^^(S, crjp). 

The following definitions can be found in EOll . for general Camot groups. Below, unless otherwise 
specified, we shall assume that S c H" is a C^-smooth NC hypersurface (i.e. non-characteristic). Let 
V" be the connection on S induced from the Levi-Civita connection V on H". As for the horizontal 
connection V^, we define a "partial connection" V^^ associated with the subbundle HS c TS by setting 

VfY-rHs{VxY) 

for every X,Y e X^^ := C^{S,HS), where Phs : TS — > HS denotes the orthogonal projection operator 
of r^ onto HS . Starting from the orthogonal splitting H = v^S ® HS , it can be shown that 

Vf Y - V^F - (V^F, v^) y^ for every X,Y € dels ■ 



Definition 2.7. If*p^ C^^ (5), we define the //5 -gradient of tp to be the horizontal tangent vector field 
gradns^ £ ^^hs '■- C{S,HS) such that {grades ^,X} = dip{X) = Xifj for every X e HS. IfXe X^^, 
the //5 -divergence divnsX ofX is given, at each point p e S, by divHsX{p) := Trace (F — > Vy^X\{p) 
{Y € HpS). Note that divnsX € C(5'). The //5 -Laplacian A„^, : C^^(5) — > C(5) is the 2nd order 



differential operator given by AHsifr := divHs (gradns ip) for every ip G C^^(5). The horizontal 2nd 
fundamental form ofS is the bilinear map Bh '■ X^^ X X^^. — > C(S) defined by 

Bh{X, Y) - (VJF y^) for every X, Y e 4. - 
The horizontal mean curvature is the trace ofBn, i.e. "Hh := TvBh. 



Unless n = 1, Bh is not symmetric; see EOl . Therefore, it is convenient to represent Bh as a sum 
of two operators, one symmetric and the other skew-symmetric, i.e. Bh = Sh + Ah. It turns out that 
Ah = ^tzjC^""^^! ; see [20|. The linear operator C^"^' only acts on horizontal tangent vectors and 

hence we shall set C^fi := C^«+i 1^5 . We have the identity WAnWi = ^ vj^; see 1201, Example 4.11, 
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p. 470. This can be proved by means of an adapted o.n. frame T along S . Furthermore, we observe that 
yj- e KerA//, where vj- - -C2"'^'y„. 

Definition 2.8. Let S <zW be a Q} -smooth NC hypersurface. We call adapted frame along S any o.n. 
frame T :- {ti, ...,T2„+i}/or TH" such that: 

Tils ^ v„, ttp^ = span^iTjip), ■.■,T2nip)} far every p eS, Tjn+i := T. 

Furthermore, we shall set Ih '■= {\,2,3, ...,2n] and Ihs := {2,3,. ..,2n}. 

Lemma 2.9 (see [201 , Lemma 3.8). Let S c H" be a C^-smooth NC hypersurface and fix p e S. We can 
always choose an adapted o.n. frame T - {t\, ..., T2„+i) along S such that (Vxt,-, Tj) = at pfor every 
i, j e Ihs and every X e HpS . 

Lemma 2.10. Let S cW be a C^-smooth NC hypersurface. Then 

(2) A«5 (^ - A« + -Ka 1^ - <Hess„ v„ , v^ ) V € C'CH"). 

Proof. Using an adapted frame T, we compute 

ieln 

= rfiiP) - (v« n) (^) + Y, ((■'? - ^rf Ti) {4>) - {V^ji, t: ) n (0)) 



ielHS 



- ^(2) 



rf \0) - (V« n) (0) + Ahs <P - 'Hht,{4>). 

Note that the first identity comes from the usual invariant definition of the Laplace operator on Riemann- 
ian manifolds (or vector bundles); see [15|. Now we claim that 

rf (0)-(v?,Ti)(0) = <Hess„(^Ti,Ti>. 
Assuming t\ = Y^iein ^]^i yields 

^f^W - Z ^i(^'^'<^)) = Z (Ti{A])Xi{ct>) + A]A]Xj{Xi{cl>))). 

Since V^ji = Y.i,jeiH ('^1(^,0^/ + ^M^-^x,^;) ^^^ ^x,^; = ^' *^ '^^^^^ follows because 
(3) rf (0) - (v?,Ti)(,^) = 2 A]A]Xj{Xim = (Hess«<^Ti,Ti). 



Definition 2.11 (Horizontal tangential operators). Let S cW be a NC hypersurface. We shall denote by 
2)hs '■ ^Hs — ^ ^(5) be the 1st order differential operator given by 

Dhs (X) - divHsX + m{cl"^^v^,x) - divnsX - m{v^,x) for every X € X^, (HS) :- C^. {S,HS). 

Moreover, we shall denote by £,hs '■ C^j (S ) — > C(S ) the 2nd order differential operator given by 

dip 2 

£hs if := Dhs {grades <p) = Ahs <p - tu-—— for every tp € C„s {S). 

Note that Dm {ifX) = (f>'DHsX + {grades (p,X)V X e X^^ (HS), S p e C^, (5). These definitions are 
motivated by Theorem 3.17 in [20], which was proved first for NC hypersurfaces with boundary; see 
|[T9ll20l . Actually, it holds true even in case of non-empty characteristic sets. A simple way to formulate 
this claim is based on the next: 
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Definition 2.12. Let X e C^>, {S \ Cs,HS) and set ax '■= {X_\ cr^'Ols- We say that X is admissible (for 
the horizontal divergence formula) if the differential forms ax and dax are continuous on all of S. We 
say that (p e C^^ {S \Cs) is admissible if grades (p is admissible for the horizontal divergence formula. 

If the differential forms ax and dax are continuous on all of S , then Stokes formula holds true; see, for 
instance, fST]- In particular, we stress that: (i)if X e C^,,. (5, //5), then X is admissible; (ii)if € Cjj(5), 
then (f> is admissible. The following holds: 

Theorem 2.13. Let S be a compact hypersurface of class C^ without boundary. Then 

(4) r Dhs X o-l" = - ['Hh {X, v^)ctI" V X e 4 . 

Js Js 

Note that, if X € X^^ the first integral on the right hand side vanishes and, in this case, the formula is 
referred as "horizontal divergence formula". 

Finally, we state some useful Green's formulas: 

(i) J^ £hs (pcrl" = for every ip e C^, (S); 
(ii) J^ilf£Hs(po-l" = -j^ (grades <P, grades ^) (rl" for every (fi, if/ e Cj,, (S); 

(iii) Js-Ci^si^T) '^l" " Is f-^"' ^ ^«" + X \sradHs ^P cr^" = for every (p e C^, (5). 

3. Proof of Theorem |1.2| 

Proof. Below we shall make use of the fixed left-invariant frame T - {X\,X2, ...,X2n,X2n+\}, where we 
have set X2i :- F,- for every / = 1, ..., n and X2,j+i :- T . First, we compute 

^-^H\grad,cp\^ = \Yj ^'^'<^;'^)' 

= 2 ((X,X,-,^)2+X/ZKXy,^)X,-0) 

Moreover, we have 

Ah{Xj(1>) = J] x,XKX,-0) 

ieln 

= J]x,(x,X,-0 + [X,-,Xy](0)) 

ielH 



= Y, XjXiiXi4>) + [X,-, Xj]{Xi<p) + Xi ([X,-, XjM)) 

ielH 

= Y, ^A" <f> + C'lr'TXi<(> + C'^J^'Xi{T<f>) 

= Yj ^A <P + c« -f 'xKr0) + c^f;^'Xi{Tci>) 

ielH 
= XjAh <P-2 {c^'-^^grad^ (Tcf)), Xj) . 
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From these computations, we infer the formula 



-^H\gradn<p?^ = ||HessH0||o,. + igradfj {AH(p),gmdfj(f>\ -2(^Cl"'^^gradM{T(p),gradM(p) 



(5) 



= ||Hess„0||i + (gradfjtl/, grad^ip) + 2 (T{gradn(p), C^''^^ grad^if)^ . 



Hereafter we will use the hypothesis 4>\s - f- By applying the usual Divergence Theorem, we have 



and we get that 



I |i/^A«0 + (gra(i„iA,^rat/«(^))cr^"+' = I ^^o-^h 



r {grad^^,grad^<p)a-T^ - - f .^V^Z+i + f^^cr^". 
Jd Jd Js ov^ 



Set now;if := liIl^lL_ By integrating (|5]l along D and using the last identity, we obtain 



(6) 



j AhXO-T^ = J (l|Hess«0||i -^2^2 {Tgrad,4>, Cf*'grad,,p)) cr^^+i + J -A^^'"- 



So let fn = {ti(= y„), T2, ..., r2„} be a horizontal frame for H adapted to S and let us compute 



I AhXctI"''^ = I {gradtjX,yH)crl" ^ I IgradJ ^^^^'^ \,vA 



(7) 



dTjiip) 









Using the identity Ahs i/j = A«i^ + 'Hh -^ - (Hess« (i/j)v„ , v„ ) (see Lemma [2 .101 ) and the fact that 
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^ - '^y„ ^« I (^) ^ <Hess« (^)y^ , y„) , 



yields 



- I(^S)^^-I'" 



(^) 



A« ip -Ahs ip + n-lnV^ {ip) + V«^ y„ ((^) 
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The second integrand of the right-hand side of d?) can be computed by means of a frame T satisfying 
Lemma [Z91 at a fixed point p e S . More precisely, we have 



■ 

;e/M -^^ [ lelHS ] 

I {<graJ„i. (^, gradfis (v„(i^))) - (v^^ v„, gra<i„5 ^) v^{ip) + Bh {grades <P, grades (fi)} crl". 

Theorem 12. 131 allows us to integrate by parts the first integrand and, since the boundary term vanishes, 
we get that 



y #oo/=i 



and hence 



I Dhs {v^{(p)gradns(p)crl" ^ I (divHs {v^{ip)gmdMsf) - ru(v^,{v^{(p)gradns<p)))(Tl" = 
I {grades f, grades {Vu((p))) crj," ^ - I (v^{(p)AHs(p - mv^((p)v^((p))cri''. 



Therefore 

(9) A^ j (-v^{(p) [Ahs (f - Tuv^iif) + {V^^v^, grades f)) + Bh (gradns <p, grades <p)) crl". 
Finally, by making use of (O, ([8l) and ^ we obtain 

(ip) Ahs (fi + "Hh (v„(^)) +Sh {grades f, grades f) > crj' 



= r (||Hess«<^||i - ^2 + 2{T{gradH(l>),Cl"^'gradH(/>))crl"'-\ 



which is equivalent to the thesis, once we note that 



This achieves the proof. 



-Lhs if H = Ahs (p . 



4. Some applications 



Let us begin with the following: 

Remark 4.1. Let (p £ C^CM"). In general, the horizontal Hessian Hess«0 of (p it is not symmetric. 
However, we may consider its standard decomposition 



Hess/f (p + Hessj'^0 Hess/y (p ~ Hess J'(;6 
HessH0 = z + 



skew. 



:= Hess;^'> + Hess^ (/> 



2 2 

where Hess^^™^ denotes the symmetric part of Hess^ (p and Hess^ ^"^cp denotes its skew-symmetric part. 
It is not difficult to see that 

Hessf™0 = -^C2"+1. 
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Indeed note that, by its own definition, the i-th row o/Hess^''^^0 is given by SlUi — '^ ^ , gra h<p ^ ^^j ^^^ 
has [Xj,Xi]{(l>) - (XjXi - XiXj){(P) = C^f.^^Tcp. Therefore 

||Hess„0||i = ||Hess:y",^||i + \{T(pf. 

The last identity just says that the Gram norm of a matrix is the sum of the Gram norm of its symmetric 
part with the Gram norm of its skew-symmetric part. Finally, it is elementary to see that ||C^""'"^|Ig, = 2n. 

By applying Theorem 1 1 . 2 1 to gether with Newton's inequality we deduce an interesting inequality. 

Corollary 4.2. Under the same hypotheses ofTheorem \1.2\ the following holds: 

(10) ^^ J ^V2"+i > J {^{Tcpf - 2 {grad, {T<p) , {grad, 0)^>) crl"^' 



+ 



with equality if, and only if, Hess^^™0 = ^Id/y. 

Note that Id« = hnxin e Mmxini^)- 
Proof. Using Newton's inequality yields 

||Hess„<^||i - IIHessJ'^.^lli + ^(r<^)2 

Tr\iiess'J"'(l>) n . 

- 2n +2^^*^^ 

Andi n 9 

As it is well-known, one has equality in this inequality if, and only if, Hessj™0 - ^Id« . From this 
argument and Theorem ll.2l we easily get (ITOl ) and the thesis follows. Q 

The next three corollaries will follow from Theorem ll.2l by making appropriate choices of the "test 
function"^ : D — > R. 

Corollary 4.3. Let D c H" and let S = dD be a C^-smooth compact (closed) hypersurface. Then 



J [Hh {V, vS--Sh {Vhs , Vns )](rl" = 3jm (V, v,}{v, v^) o-l" 



Js " ' Js 

Proof. Let V e Xh be a constant left-invariant vector field and take cp = {V,xh}. Then, we have 

• gradn(p = V; 

• r0 - 0; 

• Ah(P = 0; 

• HeSSnCJ) ^ Olnxln, 



gradns ifi^VHs ^V- {V, v^) v^; 

Ansifi - divHs (grades (fi) - "Kh (V,y„); 

Xh. ifi = (('Hh v„ - mv^) ,v) = 'Hh {V, v^)-Tu (V, v^). 
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By substituting the previous calculations into the identity of Theorem 11 .21 we get that the left hand side 
of the identity vanishes. Therefore, one has 

J il {V, v,)U{h {V, y„) - ^m{v, v^)] - 'Hh {V, v,f - S, {Vhs , Vh. )| ctI" - 0. 



Hence 

r {'Hh {V, V,f - l>m {V, V^) (y, V^) - Sh {Vhs , Vhs )) (tI" = 0, 
us 

which is equivalent to the thesis. 

Corollary 4.4. Let D c H" and let S = dD be a C^-smooth compact (closed) hypersurface. Then 

To/2«+l(£,) = i. 1^ 3 ^ ^ <^^ ^ y^) ^^„ ^ ^X) ^2n _ ^ 1^^ ^^.X^ ^^^2 _ ^^ j^_,^^^_,^ j| ^2„ 

Proof. Let tp - It. Then, we have 

• gradM<p = x^, 

• T(f> = 2 

• Ah0 - 0, 

• Hess«(^--C2"+' 

• grades (fi ^ x^s ^^H - {^H^ '^«) ^«> 

• Ahs if - divHs {gradns v) - 'Hh (x^, v^j, 

• £hs (fi - Hh (x^, Vfjj - ■nj{xH, v^). 
We also stress that 

Hence, using Theorem ll.2l yields 

Cl^^^Wl^ o-l"''^ = -2n'Vof-"^\D) 
= I mx;i-,v„U'H«(x;i-,v^)-CT(x«,v^)- y <x«,v^)j-'H/y (x;i-,v^) - S h [x^s , ^hs)Wh 

= I 1'Hh{x^,v^^ -3m{xH,vj{^XH,v^)-SH[xHs,XHs)\c^H'', 

which implies the thesis. 

Corollary 4.5. Let D c H" and let S = dD be a Q?-smooth compact (closed) hypersurface. Then 



L 



2n 



^of"^\D) - ^ J^ _ U 3 jm{xH,V,} {xh,V^) Crl" - j {'Hh {xH,V,f - Sh {Xhs,Xhs )) (tJ 

Proof. Let (fi = y, where p := \\xh\\eu = a/U'Li ^r Then, we have 

• gradfj(p = Xh, 

• Ah4> - 2?i, 

• HeSSH0 = l2nx2n 

• gradns <fi - xhs = Xh - (xh , v„ ) y„ , 

• Ahs (fi = divHs {grades ^p) - {h- Y) + 'Hh {xh , v„), 

• Lnsif = (2n - 1) + (yHnv^ - mv^j,XHJ - {2n - I) + 'Hh {xh ,Vfj) - m(xH,v^j. 
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Thus, substituting these computations into the identity of Theorem 1 1 .21 yields 
r [{2nf - 2n) 0-2"+^ = 2n{2n - \)'Vof-"^\D) 

I <2(x/y,y„) (2« -\) +'Hh {xh,v^) -m(xH,v^^ - -m (xh ,v^^ -'Hh {xh,v^j)^ - Sh {xhs ,XHs)>(rl" 

I |2(2« - 1)(xh,v„) + 'Kh {xh,v^)^ - 3m{xH,Vjj){xH,v^l- Sh (xhs ,XHs)^crl'^. 
Since j^divKXH cr^"^'^ = 2n'Vof"*\D) - j^ (x«,y„) cr^", we get that 

2n(2n - \)'Vof-"*\D) + f ['Hh {xh,vJ^ - 3m (xh , v^) {xh , v^) - Sh {xhs ,XHs))crl" - 0. 



This can be rewritten as 



To/2"+i(D) = :r-^^-—r: f (-^« (xh ,v^f + 3m (xh , v«) (xh , v^) + Sh {xhs , xhs )) cr^", 

which is equivalent to the thesis. n 

Another interesting formula can be obtained by using jointly both Corollary I4.4l and Corollary [ 



Corollary 4.6. Let n > I, let D c H" and let S = dD be a C^-smooth compact (closed) hypersurface. 
Then 

^of"-'\D) = ^^ J_ ^^ J {-"Hh ({xh , V,f - {xt, y„>') + [Sh {Xhs, Xhs ) - Sh (xj;, Xs )]} C^«"- 

Proof. Immediate. n 

4.1. An integral formula for the horizontal mean curvature. Let D c H" be a smooth, say C^, 
bounded domain (i.e. open and connected) and assume that there exists a (global) defining function 

/ : H" — > R for D. This means that 

• D - {x e H" : f{x) < 0), 

• D" = H" \ D = {x € H" : f{x) > 0}, 

• gradf 7^ at every point x € dD. 

From now on we will set 5 := dD. The outward unit normal along S is given by y = p^jTi- It will be 

useful to replace the defining function / for D with the function / = , ^^^ „ . In fact, this new function 

has the remarkable feature that Igrad^fl = 1 along S . However, in general, the function / is just of class 
C^ (i.e is one order of differentiability less smooth than /) on 5 \ Cs and fails to be smooth only at C5. 
Thus, applying Theorem 1 1.2 1 to the function (p := f yields the formula: 

(11) r {{AHcl>f - messH<l>\\l+2{grad, {Tcf>) ,{grad, <!>)'-)} al"^' - - f ^Hh (tI". 

Note that we have used grad (p = v (which implies gradns (fi = and £,hs (p = 0) where ip = 4>\s- 

Now let 5 be a compact C^-smooth embedded hypersurface. A similar formula can be obtained when 
we consider a foliation of a small spatial neighborhood of S . More precisely, let / : H"x] - e, e[ — > R 
be a C^-smooth function such that: 

• St^{xe H" : ft{x) - f{x,t) = V? £] -£,e[}, 

• \gradft\ i= along St for every f e] - e, e[, 

• IgradHftl = 1 at each NC point of St. 

Moreover, let D :^ {x e H" : /,(x) e] - e, £[) and set 5 - = {x e M" : /,(x) = ±e}. 
We again apply Theorem 1 1.2 1 to the function := / and we similarly get 

(12) r [{Ancpf - ||Hess„<^||i + 2 (grad, {Tcf>) , (gradn (/>)^)] crl"^' - - f "Hh crl", 
Jd Js+us- 
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where we have used gradtp = v (so that grades ^fi - and £.Hs(p = 0) and (p = (p\s. The previous 
assumptions allow us to say something more. But before this, we need the following corollary of the 
classical Coarea formula: 



Proposition 4.7. Let D cW be a smooth domain and let ^ e C^(D). Then 
(13) { ilf\grad„<p{x)\(T^r\x) = { dsi { ^cr^"]. 

Applying this formula yields 

r {(A„<^)2 - ||Hess«,^||i + 2 {grad^ {TcP) , (graJ„<^)^)) tr^^+l 

where vj, is the unit //-normal along 5 ( and ("Kh )t denotes the //-mean curvature of S f Furthermore 



\\JhV^ 



|2 

Igc 



B', + V" v'. 



II f ii2 n - \ 
IP«lk + 2 

IP«IIg,-+ 2 



II ii^ II iiO 

\s' W + \\a' W + 






^^^2 . /„^2 ||^2n+l / ||2 

{m) +{m) C„ y„ „ 



i\2 



-(ru'r, 



where we have used B'fj = S 'fj + A'fj together with the identity V" vj^ = -tir'c2"+^vj^; see, for instance, 
ETI . Hence 



="s,iy'H,<TJi') 



where //5,(y„,o"„ ) is nothing but the second variation formula of the //-perimeter {o-fP)t of 5, for a 
variation ?? having variation vector Wt - Ji'& = v'^; see Il20ll2ni . 

At this point, we may apply another integral formula to each integral over Si. We stress that we are 
assuming that each 5^ is a compact closed hypersurface, at least of class Q?. 

Lemma 4.8. Let S c H" be a C^-smooth compact hypersurface without boundary. Then 

whenever mv^ is admissible (for the horizontal divergence formula). 
Proof. We have 

J D«5 {mv^) cr^" = j [div.s (ruv^) - m{v^, v^}) of = J (divns {mv^) - m"-) o-l" = 0. 



nm^a-l" - 0, 



Since 



, dm I 

divHs (g7v„ ) - ——- + mdivHs (y„ ) 

H Q^± H 

dm 



-^-t^Tr(B„(-,C^r •)), 



dv, 



where C^f ' = Cf'-^s, we get that 



(16) 



I (1^ " ^') '^"" = Is (^'^^"^ ■ ' ^""' '^^J ^'^""- 
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Since Tr(5«( • , C^f ^ •)) = (« - 1)^3^, the thesis follows; see EOHIH . 

Finally, by using (IT4l ) and the last lemma, we have proved the following: 
Corollary 4.9. Under the previous assumptions, the following holds: 

r2n 



J-£ Js,\ ^ I Js+us- 



0"h 



Proof. Immediate. 
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